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In the framework of an effective field theory of general relativity a model of scalar and vector
bosons interacting with the metric field is considered. It is shown in the framework of a two-loop
order calculation that for the cosmological constant term which is fixed by the condition of vanishing
vacuum energy the graviton remains massless and there exists a self-consistent effective field theory
of general relativity coupled to matter fields defined on a flat Minkowski background. This result
is obtained under the assumption that the energy-momentum tensor of the gravitational field is
given by the pseudotensor of Landau-Lifshitz’s classic textbook. Implications for the cosmological
constant problem are also briefly discussed.
PACS numbers: 04.20.Cv, 03.70.+k.
I. INTRODUCTION
It is widely accepted that whatever the underlying fundamental theory of all interactions might be at low energies,
the physics can be adequately described by an effective field theory (EFT) [1]. Gravitation can also included in
the formalism of EFT by considering the most general effective Lagrangian of metric fields interacting with matter
fields [2, 3] which is invariant under all underlying symmetries including the gauge symmetry of massless spin-two
particles [4]. This quantum field theoretical treatment of general relativity with the metric field presented as the
Minkowski background plus the graviton field and the cosmological constant usually set equal to zero is considered as
a well-defined approach in the modern sense, see, e.g., Ref. [5]. It is well-known that for a non-vanishing cosmological
constant term Λ the graviton propagator has a pole corresponding to a massive ghost mode [4]. Setting Λ equal
to zero as is usually done in the EFT of gravitation [2] does not solve the problem, as the radiative corrections
re-generate the problem with the massive ghost [6]. This is because the cosmological constant term is not suppressed
by any symmetry of the effective theory and therefore there is no protection against generating such a contribution
to the effective action by radiative corrections. However, as it has been shown in Ref. [6], one can represent the
cosmological constant as a power series in ~ and choose the coefficients of this series such that the graviton becomes a
massless spin-two particle up to all orders in the loop expansion. Thus, within a perturbative EFT in flat Minkowski
background, the cosmological constant, which is one of the parameters of the effective Lagrangian, is uniquely fixed.
This does not solve the cosmological constant problem [7] (for a recent review of the cosmological constant problem
see, e.g., Ref. [8]) but rather implies that taking into account a cosmological constant term other than obtained in
Ref. [6] necessarily requires considering an EFT in a curved background field. In this case by imposing the equations
of motion with respect to the background graviton field the mass term of the graviton is removed at tree level [9],
however, a systematic study of the issue at higher orders in loop expansion requires an EFT on a curved background
metric which, to the best of our knowledge, is not available yet.
Experimental evidence of the accelerating expansion of the universe (see, e.g., Ref. [10] and references therein)
leaves us with a very challenging problem, namely the huge discrepancy between the measured small value of the
cosmological constant and its theoretical estimation [7]. An important question related to this problem is if there
exists any condition that uniquely fixes the value of the cosmological constant. It seems natural to expect that the
energy of the physical vacuum state of the theory describing the universe is exactly zero. This is the main assumption
of this work and of importance for the later discussions. In the framework of the low-energy EFT of general relativity
coupled to the fields of the Standard Model imposing such a condition uniquely fixes the cosmological constant term as
a function of other parameters of the effective Lagrangian. In the current work we calculate the vacuum expectation
value of the full four-momentum of the gravitational and matter fields at two-loop order in a simplified version of
the Abelian model with spontaneous symmetry breaking considered in Ref. [6]. We obtain that as a result of a non-
trivial cancellation between different diagrams the vacuum energy exactly vanishes for the value of the cosmological
constant obtained in Ref. [6], i.e., for the value which guarantees the vanishing of the graviton mass and the vacuum
expectation value of the graviton field at two-loop order. That is, provided that our result holds to all orders, the
uniquely fixed value of the cosmological constant term, leading to a self-consistent perturbative EFT on Minkowki
2background is obtained as a consequence of imposing the condition of vanishing vacuum energy. Notice here that
being aware of the lack of a commonly accepted expression of the energy-momentum tensor for the gravitational field
(see, e.g., Refs. [11–15]) in the current work we use the definition of the energy-momentum pseudotensor and the full
four-momentum of the matter and gravitational fields given in the classic textbook by Landau and Lifshitz [17].
Our work is orginized as follows: In section II we specify the details of the considered EFT and calculate one- and
two-loop order contributions to the vacuum energy. In section III we briefly discuss the implications of the obtained
results on the cosmological constant problem. We summarize in section IV and the appendix contains the Feynman
rules and two-loop integrals required in our calculations.
II. VACUUM ENERGY IN AN EFT OF GENERAL RELATIVITY ON A MINKOWSKI BACKGROUND
In the framework of EFT the action of matter interacting with gravity is given by the most general effective
Lagrangian of gravitational and matter fields, which is invariant under general coordinate transformations and other
symmetries of the Standard Model,
S =
∫
d4x
√−g {Lgr(g) + Lm(g, ψ)} =
∫
d4x
√−g
{
2
κ2
(R− 2Λ) + Lgr,ho(g) + Lm(g, ψ)
}
= Sgr(g) + Sm(g, ψ), (1)
where κ2 = 32πG, with G = 6.70881 × 10−39 GeV−2 the gravitational (Newton’s) constant, ψ and gµν denote the
matter and metric fields, respectively, g = det gµν , Λ is the cosmological constant and R the scalar curvature. Further,
Lgr,ho(g) represents self-interaction terms of the gravitational field with higher orders of derivatives and Lmatter(g, ψ)
is the effective Lagrangian of the matter fields interacting with gravity. Experimental evidence suggests that the
contributions of Lgr,ho(g) as well as the contributions of non-renormalizable interactions of Lmatter(g, ψ) in physical
quantities are heavily suppressed. Vielbein tetrad fields have to be introduced for fermionic fields interacting with the
gravitational field, however, we refrain from giving details on these as later we will perform calculations with bosonic
degrees of freedom only.
The low-energy EFT of general relativity is obtained by representing the gravitational field as the sum of the
Minkowskian background and the quantum fields [16]
gµν = ηµν + κhµν ,
gµν = ηµν − κhµν + κ2hµλhλν − κ3hµλhλσhσν + · · · , (2)
and calculating physical quantities perturbatively by applying standard QFT technique.
The energy-momentum tensor of the matter fields coupled to the gravitational field, T µνm , and the pseudotensor of
the gravitational field, T µνLL, are given by
T µνm (g, ψ) =
2√−g
δSm
δgµν
, (3)
T µνgr (g) =
4
κ2
Λ gµν + T µνLL(g) , (4)
where T µνLL(g) is defined via [17]
(−g)T µνLL(g) =
2
κ2
(
1
8
gλσgµνgαγgβδ g
αγ ,σ g
βδ,λ−1
4
gµλgνσgα,γgβδ g
αγ ,σ g
βδ,λ−1
4
gλσgµνgβαgγδ g
αγ ,σ g
βδ,λ
+
1
2
gµλgνσgβαgγδ g
αγ ,σ g
βδ,λ+g
βαgλσ g
νσ,α g
µλ,β +
1
2
gµνgλσ g
λβ ,α g
ασ,β
− gµλgσβ gνβ ,α gσα,λ−gνλgσβ gµβ ,α gσα,λ+ gλσ,σ gµν ,λ− gder(µλ,λ gνσ,σ
)
, (5)
with gµν =
√−g gµν and gµν ,λ= ∂gµν/∂xλ.
The full energy-momentum tensor T µν = T µνm (g, ψ) + T
µν
gr (g) defines the conserved full four-momentum of the
matter and the gravitational field as [17]
Pµ =
∫
(−g)T µνdSν , (6)
3...
FIG. 1: Diagrams contributing to the vacuum expectation value of the energy-momentum pseudotensor times (−g) at tree
order. Filled circles corresponds to the cosmological constant term. The cross stands for the energy-momentum pseudotensor
times (−g), and the wiggly line represents the graviton.
where the integration is carried out over any hypersurface containing the whole three-dimensional space. Thus, the
energy of the vacuum will be zero if the vacuum expectation value of the energy-momentum tensor times (−g) vanishes.
This quantity is given by the following path integral:
〈0|(−g)T µν|0〉 =
∫
DgDψ (−g) [T µνgr (g) + T µνm (g, ψ)] exp
{
i
∫
d4x
√−g [L(g, ψ) + LGF]
}
, (7)
where LGF is the gauge fixing term and the Faddeev-Popov determinant is included in the integration measure.
The cosmological constant Λ can be uniquely fixed by demanding that the right-hand-side of Eq. (7) vanishes. To
demonstrate how one obtains a self-consistent EFT by imposing this condition, we consider a simple model of a
massive scalar and a massive vector fields interacting with metric tensor field. It coincides with the bosonic part of
the model with spontaneously broken Abelian gauge symmetry considered in Ref. [6] taken in unitary gauge for the
Abelian gauge symmetry. The action of the matter part of the model is given by
Sm =
∫
d4x
√−g
{
−1
4
gµρgνσFµνFρσ +
M2
2
gµνAµAν +
gµν
2
∂µH∂νH − m
2
2
H2 + LMI
}
, (8)
where Fµν = ∂µAν − ∂νAµ, Aµ is vector field, H the scalar field and LMI denotes the interactions of matter fields,
the specific form of which is not important for the current work as we will not include them in our calculations. The
energy-momentum tensor corresponding to Eq. (8) has the form
T µνm = −gµαgνρgβσFαβFρσ +M2 gµαgνβAαAβ + ∂µH∂νH
− gµν
{
−1
4
gαρgβσFαβFρσ +
M2
2
gαβAαAβ +
gαβ
2
∂αH∂βH − m
2
2
H2
}
+ T µνMI , (9)
where T µνMI corresponds to LMI.
By adding the following gauge fixing term to the effective Lagrangian
LGF = ξ
(
∂νh
µν − 1
2
∂µhνν
)(
∂βhµβ − 1
2
∂µh
α
α
)
, (10)
where ξ is the gauge parameter, we obtain the Feynman rules specified in the appendix.
For the vacuum expectation value of the full energy-momentum pseudotensor times (−g) at tree order we obtain
an infinite number of diagrams shown in Fig. 1. All these contributions vanish if we take the cosmological constant
vanishing at tree order. That is, we represent Λ as
Λ =
∞∑
i=0
~
iΛi , (11)
and take Λ0 = 0. Notice that this also removes the graviton mass from the propagator at tree order.
Next, using the Feynman rules given in the appendix, we calculated the one-loop contributions to the vacuum
expectation value of the full energy-momentum pseudotensor times (−g) shown in Fig. 2, and by demanding that Λ1
cancels this contribution we obtain (in the calculations of the loop diagrams below we used the program FeynCalc
[18, 19])
Λ1 = −
κ2Γ
(
1− d2
) (
md + (d− 1)Md)
2d+6π
d
2
+4 d
. (12)
4FIG. 2: Diagrams contributing to the vacuum expectation value of the energy-momentum pseudotensor times (−g). Filled
circle corresponds to the cosmological constant term. The cross stands for the energy-momentum pseudotensor times (−g),
wiggly and solid lines represent the graviton and the scalar (vector), respectively.
FIG. 3: Diagrams contributing to the graviton tadpole. The filled circle corresponds to the cosmological constant term. Wiggly
and solid lines represent the graviton and the scalar (vector) fields, respectively.
It is a trivial consequence of Eq. (3) that the same value of Λ1 cancels the one-loop contribution to the vacuum expec-
tation value of the graviton field hµν , shown in Fig. 3, and consequently the graviton self-energy at zero momentum,
i.e. graviton mass, as a result of a Ward identity [6]. The first non-trivial result is obtained at two-loop order by
calculating the diagrams contributing to the vacuum expectation value of the full energy-momentum pseudotensor
times (−g) shown in Fig. 2. We also calculated the two-loop contributions to the vacuum expectation value of the
gravitational field shown in Fig. 3 and verified that the same value of Λ2 cancels both quantities. The obtained result
reads:
Λ2 = −
d(d+ 1)κ4M2d−2 csc
(
pid
2
)
Γ
(
1− d2
)
22(d+3)πd−1Γ
(
d
2
) . (13)
While it is a trivial consequence of Eq. (3) that the fourth diagrams in both figures 2 and 3 give equal contributions in
Λ it is only the sum of the corresponding second and third diagrams that lead to identical expressions. To check the
obtained results we also calculated two-loop contributions to the graviton self-energy at zero momentum and verified
that the same value of Λ2 cancels the two-loop order contribution to the graviton mass in agreement with the Ward
identity [6] (we do not give the expressions of the corresponding Feynman rules due to their huge size). While we
expect that an analogous result holds to all orders we are not able to give a general argument supporting it.
III. IMPLICATION ON THE COSMOLOGICAL CONSTANT PROBLEM
It follows from the result of the previous section that unless the cosmological constant is chosen such that the
energy of the vacuum is exactly zero, it cannot remove the graviton mass and the graviton tadpole order-by-order in
perturbation theory and consequently a non-perturbative treatment of the cosmological constant term is mandatory.
This is because for all physical processes there appear diagrams like ones shown in Fig. 4 where the massless graviton
propagator carries vanishing momentum and therefore 1/0 singularities occur (this does not happen only if the tadpole
vanishes order-by-order in the loop expansion).
The cosmological constant problem is often described as vacuum having tiny non-zero energy density. Due to
this loose language one might think that the condition of vanishing vacuum energy a priory excludes the solution
of the cosmological constant problem. A closer look reveals that exactly the opposite might be the case. Indeed,
due to the condition imposed on the cosmological constant term of the effective Lagrangian the effective action
calculated on the Minkowski background metric with vanishing background matter fields does not contain an effective
cosmological constant term contributing to Einsten’s equations. However, for our universe the corresponding effective
action has to be calculated in the presence of non-trivial background fields. The cosmological constant term of
the effective Lagrangian exactly cancelling the loop contributions in a trivial background leads to a uniquely fixed
effective cosmological constant contributing in the Einstein’s equation also in the presence of a non-trivial background.
5(a) (b) (c)
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FIG. 4: Tree order tadpole diagrams contributing to the graviton self-energy.
While for weak backgrounds we expect large cancellations leaving us with a tiny effective cosmological constant, a
quantitative investigation of this estimation is a subject of a separate publication. To make this more precise, the
background relevant for cosmology is not flat Minkowski, therefore the fixed cosmological constant term will not
exactly cancel the quantum corrections to the effective cosmological constant, but rather only approximately, leaving
a small finite piece. This remains to be calculated.
IV. SUMMARY AND DISCUSSION
Consistency conditions of the perturbative EFT of general relativity in flat Minkowski background uniquely fix the
cosmological constant term as a function of all other parameters of the theory [6]. This follows from the requirement
of the presence of a massless graviton, instead of a massive spin-two ghost, in the spectrum of the theory. Notice
that it is not possible to take into account perturbatively any other value of the cosmological constant term within
an EFT on the flat Minkowski background. This is because of the 1/0 singularities in the Feynman diagrams with
tadpole contributions, see, e.g., Fig. 4.
In our opinion if there is any fundamental reason for choosing a fixed value of the cosmological constant then it
must be the condition of vanishing of the vacuum energy. It is often argued that vacuum has non-zero energy due
to quantum fluctuations. A classical example is given by quantum oscillator. It is well-known that the ground state
energy of a quantum oscillator is ~ω/2, where ω is the angular frequency. A closer look reveals, however, that this
expression is a result of an assumption. In particular, if we share the point of view that the real world is described
by a quantum theory and the classical theory is only an approximation to it, then it is not possible to uniquely
reproduce the quantum Hamiltonian of an oscillator by quantising the classical one. This non-uniqueness is of course
well-known and is manifested in the problem of operator ordering. Indeed, by adding a vanishing term ∼ (pq − qp)
to the classical Hamiltonian of the oscillator and quantizing it we obtain a quantum Hamiltonian with an arbitarary
constant term and hence an arbitrary vacuum energy. Starting from the classical theory there is no way to tell which
value of the vacuum energy is more “fundamental”. Notice that the argument of the Casimir effect being a proof of
the non-vanishing vacuum energy is not convincing either, see, e.g., Refs. [20, 21].
In the framework of low-energy EFT of general relativity coupled to the fields of the Standard Model imposing a
condition of vanishing vacuum energy uniquely fixes the cosmological constant term as a function of other parameters
of the effective Lagrangian. We expect that this leads to a self-consistent perturbative EFT defined on the Minkowsky
background, i.e. to a massless graviton in the spectrum and the vanishing graviton tadpole. We were not able to
give a general argument supporting our claim. Instead we calculated the vacuum expectation value of the full four-
momentum of matter and gravitational fields at two-loop order in a simplified version of the Abelian model with
spontaneous symmetry breaking considered in Ref. [6]. While at one-loop order the condition of vanishing vacuum
energy automatically leads to the conditions of Ref. [6], at two-loop order the same agreement of two conditions
appears as a result of a non-trivial cancellation between different diagrams. We notice here that there does not exist
a commonly accepted expression of the energy-momentum tensor for the gravitational field (see, e.g., Refs. [11–15]).
In the current work we used the definition of the energy-momentum pseudotensor and the full four-momentum of the
matter and gravitational fields given in the classic textbook by Landau and Lifshitz [17].
Within a self-consistent EFT all physical quantities should be finite after renormalizing (an infinite number of)
parameters of the effective Lagrangian. Therefore it is mandatory that the uniquely fixed value of the cosmological
constant term, which defines the perturbative EFT of the Standard Model coupled to gravitons on Minkowski flat
background leads to a finite expression of the energy of the vacuum to all orders in loop expansion. Based on the two-
loop order result of the current work we expect that this finite value is actually zero. Turning the argument around
we expect that by demanding that the vacuum energy should be vanishing to all orders we obtain a self-consistent
perturbative low-energy EFT of matter and gravitational fields on flat Minkowski background.
Relegating calculations and detailed discussion to a future work, we briefly comment on the implications of our
results for the cosmological constant problem. In particular, we expect that the cosmological constant term of the
effective Lagrangian exactly cancelling the loop contributions in flat background is very likely to cancel the bulk of
such contributions also in the presence of a non-trivial background, relevant for our universe, thus leaving with a tiny
effective cosmological constant contributing to Einstein’s equations.
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Appendix
Below we give Feynman rules used in the calculation of the vacuum expectation values of the graviton field and the
energy-momentum tensor.
Propagators:
• Scalar propagator with momentum p:
i
p2 −m2 + iǫ . (14)
• Vector boson propagator with Lorentz indices µ, ν and momentum p:
− i
(
gµν − pµpν/M2)
p2 −M2 + iǫ . (15)
• Graviton propagator in D dimensions with Lorentz indices (µ, ν), (α, β) and momentum p:
i
2
gλνgµσ + gλµgνσ − 2gλσgµν
D−2
p2 + iǫ
− i ξ
2
pν
(
pσgλµ + pλgµσ
)
+ pµ
(
pσgλν + pλgνσ
)
(p2 + iǫ)
2 . (16)
Vertices (all momenta in all vertices are incoming):
• Graviton with indices (µ, ν):
−2iΛg
µν
κ
; (17)
• Graviton with indices (µ, ν) and (α, β):
iΛ
(
gανgβµ + gαµgβν − gαβgµν) ; (18)
• Graviton with indices (µ, ν) - scalars with momenta p1 and p2:
1
2
iκ
(−gµν (m2 + p1 · p2)+ pµ2pν1 + pµ1pν2) ; (19)
• Gravitons with indices (µ, ν) and (α, β) - scalars with momenta p1 and p2:
−1
4
iκ2
(
−m2gανgβµ −m2gαµgβν +m2gαβgµν + pβ1pν2gαµ + pβ1pµ2 gαν + pα1 pν2gβµ
+pν1
(
−pµ2gαβ + pβ2 gαµ + pα2 gβµ
)
+ pα1 p
µ
2g
βν + pµ1
(
−pν2gαβ + pβ2 gαν + pα2 gβν
)
− pα2 pβ1 gµν
−pα1 pβ2 gµν − p1 · p2
(
gανgβµ + gαµgβν − gαβgµν)) ; (20)
7• Graviton with indices (µ, ν) - vector bosons with (Lorentz index, momentum) combinations (λ, p1) and (σ, p2):
− i
2
κ
(−M2gλσgµν +M2gλνgµσ +M2gλµgνσ + pµ1pν2gλσ − pσ1 (pν2gλµ + pµ2gλν − pλ2gµν)
+pν1
(
pµ2 g
λσ − pλ2gµσ
)− pλ2pµ1gνσ − p1 · p2gλσgµν + p1 · p2gλνgµσ + p1 · p2gλµgνσ) ; (21)
• Gravitons with indices (µ, ν) and (α, β) - vector bosons with (Lorentz index, momentum) combinations (λ, p1)
and (σ, p2):
− i
4
κ2
(−gασgβνgλµM2 − gανgβσgλµM2 − gασgβµgλνM2 − gαµgβσgλνM2 + gανgβµgλσM2
+gαµgβνgλσM2 + gασgβλgµνM2 + gαλgβσgµνM2 − gαβgλσgµνM2 − gανgβλgµσM2 − gαλgβνgµσM2
+gαβgλνgµσM2 − gαµgβλgνσM2 − gαλgβµgνσM2 + gαβgλµgνσM2 − pµ1pν2gασgβλ + pµ1pλ2gασgβν
−pµ1pν2gαλgβσ + pµ1pλ2gανgβσ + pβ1pν2gασgλµ + pα1 pν2gβσgλµ + pβ1pµ2 gασgλν + pα1 pµ2gβσgλν + pµ1pν2gαβgλσ
−pβ1pν2gαµgλσ − pµ1pβ2 gανgλσ − pβ1pµ2 gανgλσ − pα1 pν2gβµgλσ − pµ1pα2 gβνgλσ − pα1 pµ2gβνgλσ − pβ1pλ2gασgµν
−pα1 pλ2gβσgµν + pβ1pα2 gλσgµν + pα1 pβ2gλσgµν + pσ1
(
pµ2g
ανgβλ − pα2 gµνgβλ − pλ2gανgβµ + pµ2gαλgβν
−pλ2gαµgβν + pα2 gβνgλµ + pν2
(
gαµgβλ + gαλgβµ − gαβgλµ)− pµ2gαβgλν + pα2 gβµgλν + pλ2gαβgµν
+pβ2
(
gανgλµ + gαµgλν − gαλgµν))+ pβ1pλ2gανgµσ + pα1 pλ2gβνgµσ − pβ1pα2 gλνgµσ − pα1 pβ2gλνgµσ
+pν1
(−pµ2gασgβλ + pα2 gµσgβλ − pµ2gαλgβσ + pµ2gαβgλσ − pα2 gβµgλσ + pλ2 (gασgβµ + gαµgβσ − gαβgµσ)
+pβ2
(
gαλgµσ − gαµgλσ))− pµ1pλ2gαβgνσ + pµ1pβ2gαλgνσ + pβ1pλ2gαµgνσ + pµ1pα2 gβλgνσ + pα1 pλ2gβµgνσ
−pβ1pα2 gλµgνσ − pα1 pβ2gλµgνσ − gασgβνgλµp1 · p2 − gανgβσgλµp1 · p2 − gασgβµgλνp1 · p2
−gαµgβσgλνp1 · p2 + gανgβµgλσp1 · p2 + gαµgβνgλσp1 · p2 + gασgβλgµνp1 · p2 + gαλgβσgµνp1 · p2
−gαβgλσgµνp1 · p2 − gανgβλgµσp1 · p2 − gαλgβνgµσp1 · p2 + gαβgλνgµσp1 · p2 − gαµgβλgνσp1 · p2
−gαλgβµgνσp1 · p2 + gαβgλµgνσp1 · p2
)
; (22)
• Energy-momentum tensor with indices (µ, ν) - gravitons with (Lorentz indices, momentum) combinations
(λ, σ, p1) and (α, β, p2):
1
8
[hhh ({µ, ν, p1} , {α, β, p2} , {λ, σ, p3}) + hhh ({µ, ν, p1} , {α, β, p2} , {σ, λ, p3})
+hhh ({µ, ν, p1} , {β, α, p2} , {λ, σ, p3}) + hhh ({µ, ν, p1} , {β, α, p2} , {σ, λ, p3})
+hhh ({ν, µ, p1} , {α, β, p2} , {λ, σ, p3}) + hhh ({ν, µ, p1} , {α, β, p2} , {σ, λ, p3})
+hhh ({ν, µ, p1} , {β, α, p2} , {λ, σ, p3}) + hhh ({ν, µ, p1} , {β, α, p2} , {σ, λ, p3})] , (23)
where
hhh ({µ, ν, p1} , {α, β, p2} , {λ, σ, p3}) = −1
4
iκ
(
pα1 p
β
2 g
λσgµν + pβ2p
α
3 g
λσgµν + 2Λgαβgλσgµν
+2gαβgλσ (p1 · p2 + p1 · p3 + p2 · p3) gµν + 2gαβgλσ
(
p21 + p
2
2 + p
2
3
)
gµν
+gαβ
(
pν1 (p
µ
2 + p
µ
3 ) g
λσ +
(
pλ1 + p
λ
2
)
pσ3 g
µν
)
+ 4
(
pσ1p
ν
3g
αβgλµ + pβ1p
ν
2g
αµgλσ + pσ2p
β
3 g
αλgµν
)
+4
(
(pσ1p
ν
2 + p
σ
2p
ν
3) g
αβgλµ +
(
pν2p
β
3 + p
β
1p
ν
3
)
gαµgλσ +
(
pβ1p
σ
2 + p
σ
1p
β
3
)
gαλgµν
)
−2
(
(pν1p
σ
2 + p
ν
2p
σ
3 ) g
αβgλµ +
(
pν1p
β
3 + p
β
2p
ν
3
)
gαµgλσ +
(
pσ1p
β
2 + p
β
1p
σ
3
)
gαλgµν
)
+2
(
(pν1p
σ
1 + p
ν
3p
σ
3 ) g
αβgλµ +
(
pβ1p
ν
1 + p
β
2p
ν
2
)
gαµgλσ +
(
pβ2p
σ
2 + p
β
3p
σ
3
)
gαλgµν
)
−2
(
pµ1p
ν
1g
αβgλσ +
(
pλ3p
σ
3 g
αβ + pα2 p
β
2g
λσ
)
gµν
)
− 2
(
pβ1p
α
3 g
λσgµν + pα1 p
β
3g
λσgµν
+gαβ
(
(pν2p
µ
3 + p
µ
2p
ν
3) g
λσ +
(
pσ1p
λ
2 + p
λ
1p
σ
2
)
gµν
))− 4(pα1 pβ1 gλσgµν + pα3 pβ3 gλσgµν
+gαβ
(
(pµ2p
ν
2 + p
µ
3p
ν
3) g
λσ +
(
pλ1p
σ
1 + p
λ
2p
σ
2
)
gµν
))− 5(pα2
(
pβ1 + p
β
3
)
gλσgµν + gαβ
(
pµ1 (p
ν
2 + p
ν
3) g
λσ
8+ (pσ1 + p
σ
2 ) p
λ
3g
µν
))
+ 2
(
pµ3p
σ
3 g
αβgλν + pα1 p
ν
1g
βµgλσ + pα3 p
σ
3 g
βλgµν + pβ2
(
pµ2g
ανgλσ + pλ2g
ασgµν
)
+pλ1p
ν
1g
αβgµσ
)
+ 2
(
pσ2p
µ
3g
αβgλν + pµ2p
β
3g
ανgλσ + pα1 p
ν
3g
βµgλσ + pβ1p
λ
2g
ασgµν + pσ1p
α
3 g
βλgµν + pλ1p
ν
2g
αβgµσ
)
+4
(
pσ1p
µ
3g
αβgλν + pβ1p
µ
2g
ανgλσ + pα1 p
ν
2g
βµgλσ + pλ2p
β
3g
ασgµν + pσ2p
α
3 g
βλgµν + pλ1p
ν
3g
αβgµσ
)
−4
(
pβ1p
ν
3g
ασgλµ + pσ1
(
pν2g
αµgβλ + pβ3g
ανgλµ
)
+ pσ2
(
pν3g
αλgβµ + pβ1 g
αµgλν
)
+ pν2p
β
3g
αλgµσ
)
−6
(
pν2p
β
3 g
ασgλµ + pσ2
(
pν3g
αµgβλ + pβ1g
ανgλµ
)
+ pσ1
(
pν2g
αλgβµ + pβ3 g
αµgλν
)
+ pβ1p
ν
3g
αλgµσ
)
+8Λ
(
gασgβµgλν + gανgβλgµσ
)− 2 (pν2pµ3gασgβλ + pµ2pν3gασgβλ + pσ1pλ2gανgβµ + pλ1pσ2 gανgβµ
+pβ1p
α
3 g
λνgµσ + pα1 p
β
3 g
λνgµσ
)
− 2
(
pσ1p
α
3 g
βµgλν + gασ
(
pλ1p
ν
2g
βµ + pµ2p
β
3g
λν
)
+ pα1 p
ν
3g
βλgµσ
+gαν
(
pσ2p
µ
3 g
βλ + pβ1p
λ
2g
µσ
))
+ 2
(
pν2p
σ
3g
αµgβλ + pσ1p
β
2 g
ανgλµ + pβ2p
ν
3g
ασgλµ + pβ1p
σ
3g
αµgλν
+pν1g
αλ
(
pσ2 g
βµ + pβ3g
µσ
))
+ 2
(
pµ1
(
pσ2 g
αβgλν + pβ3 g
ανgλσ
)
+ pα2
(
pν3g
βµgλσ + pσ1 g
βλgµν
)
+pλ3
(
pβ1 g
ασgµν + pν2g
αβgµσ
))
− 2
(
pµ1
(
pσ3 g
αβgλν + pβ2 g
ανgλσ
)
+
(
pβ2p
λ
3g
ασ + pα2 p
σ
3g
βλ
)
gµν
+pν1
(
pα2 g
βµgλσ + pλ3g
αβgµσ
))
+ 2
(
pµ1
(
pσ1g
αβgλν + pβ1g
ανgλσ
)
+ pα2
(
pν2g
βµgλσ + pσ2g
βλgµν
)
+pλ3
(
pβ3 g
ασgµν + pν3g
αβgµσ
))
− 4
(
pσ1p
ν
3
(
gαµgβλ + gαλgβµ
)
+ pσ2p
β
3
(
gανgλµ + gαµgλν
)
+pβ1p
ν
2
(
gασgλµ + gαλgµσ
))− 4(pν2pσ2 (gαµgβλ + gαλgβµ)+ pβ1pσ1 (gανgλµ + gαµgλν)
+pβ3p
ν
3
(
gασgλµ + gαλgµσ
))
+ 2
(
pµ2p
σ
3g
ανgβλ + pβ2p
µ
3g
ασgλν + pα1 p
σ
3 g
βµgλν + pλ1p
β
2g
ανgµσ
+pν1
(
pλ2g
ασgβµ + pα3 g
βλgµσ
))
+ 16
(
pα3 p
µ
3 g
βνgλσ + pα1 p
λ
1g
βσgµν + pλ2p
µ
2g
αβgνσ
)− 8 (pα1 pµ2gβνgλσ
+pλ2p
α
3 g
βσgµν + pλ1p
µ
3g
αβgνσ
)
+ 2
(
pα1 p
µ
1g
βνgλσ + pα3 p
λ
3g
βσgµν + pα2
(
pµ2g
βνgλσ + pλ2g
βσgµν
)
+pλ1p
µ
1g
αβgνσ + pλ3p
µ
3g
αβgνσ
)
+ 2
(
pα3
(
pµ2g
βνgλσ + pλ1g
βσgµν
)
+ pα1
(
pµ3g
βνgλσ + pλ2g
βσgµν
)
+
(
pλ1p
µ
2 + p
λ
2p
µ
3
)
gαβgνσ
)− 4 (pµ2pλ3gασgβν + pα1 pλ3gµσgβν + pµ1gβσ (pλ2gαν + pα3 gλν)+ pα2 pµ3gβλgνσ
+pλ1p
α
2 g
βµgνσ
)− 8 (pλ1pµ1gανgβσ + pα1 pµ1gλνgβσ + pλ3gβν (pµ3gασ + pα3 gµσ) + pα2 pµ2gβλgνσ + pα2 pλ2gβµgνσ)
+4
(
pλ3p
σ
3g
αµgβν + pµ1p
ν
1g
αλgβσ + pα2 p
β
2 g
λµgνσ
)
− 2 (pλ1pσ3gαµgβν + pλ2pσ3gαµgβν + pν1pµ2gαλgβσ
+pν1p
µ
3 g
αλgβσ + pα1 p
β
2 g
λµgνσ + pβ2p
α
3 g
λµgνσ
)
+ 8
(
pσ1p
λ
2g
αµgβν + pλ1p
σ
2g
αµgβν + pν2p
µ
3g
αλgβσ + pµ2p
ν
3g
αλgβσ
+pβ1p
α
3 g
λµgνσ + pα1 p
β
3 g
λµgνσ
)
+ 8
(
pλ1p
σ
1 g
αµgβν + pλ2p
σ
2 g
αµgβν + pµ2p
ν
2g
αλgβσ + pµ3p
ν
3g
αλgβσ + pα1 p
β
1 g
λµgνσ
+pα3 p
β
3 g
λµgνσ
)
+ 10
(
(pσ1 + p
σ
2 ) p
λ
3g
αµgβν + pµ1 (p
ν
2 + p
ν
3) g
αλgβσ + pα2
(
pβ1 + p
β
3
)
gλµgνσ
)
−4Λ (gαµgβνgλσ + gαλgβσgµν + gαβgλµgνσ)+ 4(pα2 (pσ3 gβν + pν1gβσ) gλµ + pµ1 gαλ
(
pσ3 g
βν + pβ2g
νσ
)
+pλ3g
αµ
(
pν1g
βσ + pβ2g
νσ
))
− 8
((
pα3 p
σ
3g
βν + pα1 p
ν
1g
βσ
)
gλµ + gαµ
(
pλ1p
ν
1g
βσ + pβ2p
λ
2g
νσ
)
+gαλ
(
pµ3p
σ
3 g
βν + pβ2p
µ
2 g
νσ
))
− 10
(
pα2
(
pσ1 g
βν + pν3g
βσ
)
gλµ + pλ3g
αµ
(
pν2g
βσ + pβ1g
νσ
)
+pµ1g
αλ
(
pσ2 g
βν + pβ3g
νσ
))
− 4
((
pσ2p
α
3 g
βν + pα1 p
ν
2g
βσ
)
gλµ + gαλ
(
pσ1p
µ
3g
βν + pβ1p
µ
2g
νσ
)
+gαµ
(
pλ1p
ν
3g
βσ + pλ2p
β
3 g
νσ
))
− 4
((
pσ1p
α
3 g
βν + pα1 p
ν
3g
βσ
)
gλµ + gαµ
(
pλ1p
ν
2g
βσ + pβ1p
λ
2g
νσ
)
+gαλ
(
pσ2p
µ
3g
βν + pµ2p
β
3 g
νσ
))
+ 10
((
pα1 p
σ
2 g
βν + pν2p
α
3 g
βσ
)
gλµ + gαµ
(
pλ2p
ν
3g
βσ + pλ1p
β
3 g
νσ
)
+gαλ
(
pσ1p
µ
2g
βν + pβ1p
µ
3 g
νσ
))
+ 8
(
pα2
(
pµ3g
βνgλσ + pλ1g
βσgµν
)
+ pµ1
(
pα3 g
βνgλσ + pλ2g
αβgνσ
)
+pλ3
(
pα1 g
βσgµν + pµ2 g
αβgνσ
))
+ 12
(
pα2 p
λ
3g
βσgµν + pµ1
(
pα2 g
βνgλσ + pλ3g
αβgνσ
))− 6 (pµ2pλ3gανgβσ
+pα2 p
µ
3 g
λνgβσ + pλ1p
α
2 g
βνgµσ + pα1 p
λ
3g
βµgνσ + pµ1
(
pλ2g
ασgβν + pα3 g
βλgνσ
))− 4 (pλ2pµ2 (gασgβν + gανgβσ)
+pα3 p
µ
3
(
gβσgλν + gβλgνσ
)
+ pα1 p
λ
1
(
gβνgµσ + gβµgνσ
))
+ 4
(
pλ1p
µ
3
(
gασgβν + gανgβσ
)
9+pα1 p
µ
2
(
gβσgλν + gβλgνσ
)
+ pλ2p
α
3
(
gβνgµσ + gβµgνσ
))− 4 (pα1 pµ3gβσgλν + pλ1 (pµ2 gανgβσ + pα3 gβνgµσ)
+pµ2p
α
3 g
βλgνσ + pλ2
(
pµ3g
ασgβν + pα1 g
βµgνσ
))
+ 2
(
pµ2p
α
3 g
βσgλν + pλ2
(
pµ3g
ανgβσ + pα1 g
βνgµσ
)
+ pα1 p
µ
3 g
βλgνσ
+pλ1
(
pµ2g
ασgβν + pα3 g
βµgνσ
))− 12 (pα2 pλ3 (gβνgµσ + gβµgνσ)+ pµ1 (pλ3 (gασgβν + gανgβσ)
+pα2
(
gβσgλν + gβλgνσ
)))
+ 4
(
gασgβνgλµp1 · p2 + gαµgβλgνσp1 · p3 + gαλ
(
gβνgµσp1 · p2 + gβµgνσp1 · p3
)
+gανgβσgλµp2 · p3 + gαµgβσgλνp2 · p3
)
+ 2
(
gανgβµgλσp1 · p2 + gαβgλνgµσp1 · p3 + gασgβλgµνp2 · p3
)
−8 (gαµgβνgλσp1 · p2 + gαβgλµgνσp1 · p3 + gαλgβσgµνp2 · p3)+ 8 (gαµ (gβσgλν
+gβλgνσ
)
p1 · p2 + gασgβνgλµp1 · p3 + gανgβσgλµp1 · p3 + gαλgβνgµσp2 · p3 + gαλgβµgνσp2 · p3
)
−4 (gαλgβσgµν (p1 · p2 + p1 · p3) + gαβgλµgνσ (p1 · p2 + p2 · p3) + gαµgβνgλσ (p1 · p3 + p2 · p3))
−4 (gαλgβσgµνp21 + gαβgλµgνσp22 + gαµgβνgλσp23)+ 8 (gανgβσgλµp21 + gαλgβµgνσp22 + gασgβνgλµp23
+gαλgβνgµσp23 + g
αµ
(
gβσgλνp21 + g
βλgνσp22
))− 4 (gαµgβνgλσ (p21 + p22)
+gαβgλµgνσ
(
p21 + p
2
3
)
+ gαλgβσgµν
(
p22 + p
2
3
)))
; (24)
• Energy-momentum tensor with indices (µ, ν) - scalars with momenta p1 and p2:
gµν
(
m2 + p1 · p2
)− pµ2pν1 − pµ1pν2 ; (25)
• Energy-momentum tensor with indices (µ, ν) - graviton with indices (α, β)- scalars with momenta p1 and p2:
1
2
κ
(
m2 (−gαν) gβµ −m2gαµgβν + 2m2gαβgµν + pβ1pν2gαµ + pβ1pµ2gαν + pα1 pν2gβµ
+pν1
(
−2pµ2gαβ + pβ2 gαµ + pα2 gβµ
)
+ pα1 p
µ
2g
βν + pµ1
(
−2pν2gαβ + pβ2gαν + pα2 gβν
)
− pα2 pβ1gµν
−pα1 pβ2gµν − p1 · p2gανgβµ − p1 · p2gαµgβν + 2p1 · p2gαβgµν
)
; (26)
• Energy-momentum tensor with indices (µ, ν) - vector bosons with (Lorentz index, momentum) combinations
(λ, p1) and (σ, p2):
−M2gλσgµν +M2gλνgµσ +M2gλµgνσ + pµ1pν2gλσ − pσ1
(
pν2g
λµ + pµ2g
λν − pλ2gµν
)
+pν1
(
pµ2 g
λσ − pλ2gµσ
)− pλ2pµ1gνσ − p1 · p2gλσgµν + p1 · p2gλνgµσ + p1 · p2gλµgνσ; (27)
• Energy-momentum tensor with indices (µ, ν) - graviton with indices (α, β) - vector bosons with (Lorentz index,
momentum) combinations (λ, p1) and (σ, p2):
−1
2
κ
(
gασgβνgλµM2 + gανgβσgλµM2 + gασgβµgλνM2 + gαµgβσgλνM2 − gανgβµgλσM2 − gαµgβνgλσM2
−gασgβλgµνM2 − gαλgβσgµνM2 + 2gαβgλσgµνM2 + gανgβλgµσM2 + gαλgβνgµσM2 − 2gαβgλνgµσM2
+gαµgβλgνσM2 + gαλgβµgνσM2 − 2gαβgλµgνσM2 + pµ1pν2gασgβλ − pµ1pλ2gασgβν + pµ1pν2gαλgβσ
−pµ1pλ2gανgβσ − pβ1pν2gασgλµ − pα1 pν2gβσgλµ − pβ1pµ2gασgλν − pα1 pµ2gβσgλν − 2pµ1pν2gαβgλσ + pβ1pν2gαµgλσ
+pµ1p
β
2 g
ανgλσ + pβ1p
µ
2 g
ανgλσ + pα1 p
ν
2g
βµgλσ + pµ1p
α
2 g
βνgλσ + pα1 p
µ
2g
βνgλσ + pβ1p
λ
2g
ασgµν + pα1 p
λ
2g
βσgµν
−pβ1pα2 gλσgµν − pα1 pβ2 gλσgµν − pσ1
(
−pλ2gανgβµ + pα2 gλνgβµ − pλ2gαµgβν + pβ2 gανgλµ + pα2 gβνgλµ
+pν2
(
gαµgβλ + gαλgβµ − 2gαβgλµ)+ pβ2gαµgλν + pµ2 (gανgβλ + gαλgβν − 2gαβgλν)+ 2pλ2gαβgµν
−pβ2gαλgµν − pα2 gβλgµν
)
− pβ1pλ2gανgµσ − pα1 pλ2gβνgµσ + pβ1pα2 gλνgµσ + pα1 pβ2gλνgµσ
+pν1
(
pβ2 g
αµgλσ + pα2 g
βµgλσ + pµ2
(
gασgβλ + gαλgβσ − 2gαβgλσ)− pβ2 gαλgµσ − pα2 gβλgµσ
+pλ2
(−gασgβµ − gαµgβσ + 2gαβgµσ))+ 2pµ1pλ2gαβgνσ − pµ1pβ2 gαλgνσ − pβ1pλ2gαµgνσ − pµ1pα2 gβλgνσ
−pα1 pλ2gβµgνσ + pβ1pα2 gλµgνσ + pα1 pβ2 gλµgνσ + gασgβνgλµp1 · p2 + gανgβσgλµp1 · p2 + gασgβµgλνp1 · p2
+gαµgβσgλνp1 · p2 − gανgβµgλσp1 · p2 − gαµgβνgλσp1 · p2 − gασgβλgµνp1 · p2 − gαλgβσgµνp1 · p2
+2gαβgλσgµνp1 · p2 + gανgβλgµσp1 · p2 + gαλgβνgµσp1 · p2 − 2gαβgλνgµσp1 · p2
+gαµgβλgνσp1 · p2 + gαλgβµgνσp1 · p2 − 2gαβgλµgνσp1 · p2
)
; (28)
10
• Energy-momentum tensor with indices (µ, ν) - gravitons with (Lorentz indices, momentum) combinations
(λ, σ, p1) and (α, β, p2):
1
8
(−4pσ1pλ2gανgβµ − 4pλ1pσ2 gανgβµ + 4pσ1pα2 gλνgβµ − 2pα1 pν2gλσgβµ − 2pα1 pν2gσλgβµ + 4pλ1pα2 gσνgβµ
−4gασgλνp1 · p2gβµ + 6gανgλσp1 · p2gβµ + 6gανgσλp1 · p2gβµ − 4gαλgσνp1 · p2gβµ − 4pσ1pλ2gαµgβν
−4pλ1pσ2gαµgβν − 4pσ1pν2gαβgλµ + 4pσ1pβ2gανgλµ + 4pβ1pν2gασgλµ − 4pσ1pν2gβαgλµ + 4pσ1pα2 gβνgλµ
+4pα1 p
ν
2g
βσgλµ − 4pσ1pµ2 gαβgλν + 4pσ1pβ2gαµgλν + 4pβ1pµ2 gασgλν − 4pσ1pµ2gβαgλν + 4pα1 pµ2gβσgλν
−2pβ1pν2gαµgλσ − 2pβ1pµ2 gανgλσ − 2pα1 pµ2 gβνgλσ + 2pσ1pλ2gαβgµν + 2pλ1pσ2gαβgµν − 2pβ1pσ2 gαλgµν
−2pβ1pλ2gασgµν + 2pσ1pλ2gβαgµν + 2pλ1pσ2gβαgµν − 2pα1 pσ2gβλgµν − 2pα1 pλ2gβσgµν + 2pβ1pα2 gλσgµν
+2pα1 p
β
2 g
λσgµν − 2pβ1pα2 gλνgµσ − 2pα1 pβ2 gλνgµσ + 2pσ1pλ2gαβgνµ + 2pλ1pσ2gαβgνµ − 2pβ1pσ2 gαλgνµ
−2pβ1pλ2gασgνµ + 2pσ1pλ2gβαgνµ + 2pλ1pσ2gβαgνµ − 2pα1 pσ2gβλgνµ − 2pα1 pλ2gβσgνµ + 2pβ1pα2 gλσgνµ
+2pα1 p
β
2 g
λσgνµ − 2pβ1pα2 gλµgνσ − 2pα1 pβ2 gλµgνσ − 2pβ1pν2gαµgσλ − 2pβ1pµ2gανgσλ − 2pα1 pµ2gβνgσλ
+2pβ1p
α
2 g
µνgσλ + 2pα1 p
β
2g
µνgσλ + 2pβ1p
α
2 g
νµgσλ + 2pα1 p
β
2g
νµgσλ − 4pλ1pν2gαβgσµ + 4pβ1pν2gαλgσµ
+4pλ1p
β
2g
ανgσµ − 4pλ1pν2gβαgσµ + 4pα1 pν2gβλgσµ + 4pλ1pα2 gβνgσµ − 2pβ1pα2 gνλgσµ − 2pα1 pβ2 gνλgσµ
−2pν1
(−2pλ2gασgβµ + 2pα2 gλσgβµ + 2pα2 gσλgβµ − 2pλ2gαµgβσ
+pσ2
(−2gαµgβλ − 2gαλgβµ + (gαβ + gβα) gλµ)+ 2pβ2gαµgλσ + 2pβ2 gαµgσλ
+2pµ2
(
gασgβλ + gαλgβσ − (gαβ + gβα) (gλσ + gσλ))+ pλ2gαβgσµ + pλ2gβαgσµ)− 4pλ1pµ2 gαβgσν
+4pβ1p
µ
2g
αλgσν + 4pλ1p
β
2 g
αµgσν − 4pλ1pµ2gβαgσν + 4pα1 pµ2gβλgσν − 2pβ1pα2 gµλgσν − 2pα1 pβ2 gµλgσν
−2pµ1
(−2pλ2gασgβν + 2pα2 gλσgβν + 2pα2 gσλgβν − 2pλ2gανgβσ
+pσ2
(−2gανgβλ − 2gαλgβν + (gαβ + gβα) gλν)+ 2pβ2gανgλσ + 2pβ2gανgσλ
+2pν2
(
gασgβλ + gαλgβσ − (gαβ + gβα) (gλσ + gσλ))+ pλ2gαβgσν + pλ2gβαgσν)− 4gασgβνgλµp1 · p2
−4gανgβσgλµp1 · p2 − 4gαµgβσgλνp1 · p2 + 6gαµgβνgλσp1 · p2 + 2gασgβλgµνp1 · p2 + 2gαλgβσgµνp1 · p2
−3gαβgλσgµνp1 · p2 − 3gβαgλσgµνp1 · p2 + 3gαβgλνgµσp1 · p2 + 3gβαgλνgµσp1 · p2 + 2gασgβλgνµp1 · p2
+2gαλgβσgνµp1 · p2 − 3gαβgλσgνµp1 · p2 − 3gβαgλσgνµp1 · p2 + 3gαβgλµgνσp1 · p2 + 3gβαgλµgνσp1 · p2
+6gαµgβνgσλp1 · p2 − 3gαβgµνgσλp1 · p2 − 3gβαgµνgσλp1 · p2 − 3gαβgνµgσλp1 · p2 − 3gβαgνµgσλp1 · p2
−4gανgβλgσµp1 · p2 − 4gαλgβνgσµp1 · p2 + 3gαβgνλgσµp1 · p2 + 3gβαgνλgσµp1 · p2 − 4gαµgβλgσνp1 · p2
+3gαβgµλgσνp1 · p2 + 3gβαgµλgσνp1 · p2
)
; (29)
Two-loop integral appearing in results of various two-loop diagrams:∫
dnk1d
nk2
(2π)2n
1
(k21 −M2 + iǫ)α(k22 −M2 + iǫ)β((k1 − k2)2 + iǫ)γ
=
i2−2α−2β−2γM2(n−α−β−γ)Γ
(
n
2 − γ
)
Γ
(−n2 + α+ γ)Γ (−n2 + β + γ)Γ(−n+ α+ β + γ)
(4π)nΓ(α)Γ(β)Γ
(
n
2
)
Γ(−n+ α+ β + 2γ) . (30)
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